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In this paper we are concerned with the oscillatory and asymptotic behavior 
of the n-th order (n > 1) nonlinear differential equation with deviating argu- 
ments of the form 
.@(t) + r iyI +,j(f>y qc[qYT&)>, 3=1 1 
(*I 
2&l 
[x’]~<T~(~)),..., [x(~-~)]~<T,-~(~)>> n sgn ~[~,~(t)l = 0, t 2 to 
j=l 
where X is a positive integer with 2X - 1 < m0 and: 
(Qj = 1, 2,..., m,) pj > 0 
“0 
FIPi = 1, 
For the real-vaiued functions rij (j = 1, 2 ,..,, mi; i = 0, I,..., 1z - 1) and F 
we assume that: 
(i) The functions 7ii are continuous and nondecreasing on the half-line 
[t, , 00) and such that 
(i)l Tij(t) < t for every r 2 ta (j = 1, 2 ,..., m+; i = 0, l,..., ?Z - 1), 
(i)z (W,j) min, 7&t) < Tij(t) for every t 3 to (k = 1, 2 ,..., mO; j = 1, 2 ,..., 
n< ; i = 0, l).,., n - 1), 
(i)a lim,,, Tij(t) = 00, 
(ii) The function F is nonnegative on [to , CD) x E0 and (n~J1~“,~‘“) F(t; 
Yo F Yl 7*** ynU1) is continuous on the same set, where Eu = [0, CO)~O x 
[O, 03p x -.* x [O, a3)“w 
In the particular case m, z 1, the oscillatory and asymptotic behavior of 
equation (*) has been treated by introducing the concepts of sublinear and 
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superlinear differential equations (cf. [l, 5, 61). For the general case we introduce 
the distorted sublinearity or superlinearity according to the following definition 
(cf. rw 
DEFINITION. The differential equation (*) is called: 
(a) To-distorted sublinear, if for any t 3 to the function F(t; y. ,yr ,..., 
ynP1) is nonincreasing with respect to (yO, yr ,..., y+t) in E = (0, co)“0 x 
(0, CO)~~ x ... x (0, 03)“n-l i.e. for any t > to we have 
(Vi = 0, I,..., 11 - 1)Yi < zi => qcyo ,Yl ,...,Yn-1) >qc qI > Xl ,...I %+1); 
(b) To-distorted strongly sublinear, if there exist nonnegative numbers 
9 7 62 ,..-, %a0 so that ~~~r ej > 0 and for any t 2 to the function 
@(c 3’0 7 Yl ,*.e, Yn-1) = fi Y;; qt; Yo 9 Yl ,***, Yn-1) 
i 1 i=l 
is nonincreasing with respect to (y. , yr ,..., y+r) E E, i.e. for any t 3 to we have 
(Vi = 0, l,..., fi - i) yi G 3 3 qt; yo, 3~~ ,..., Y,-,) 3 qt; x0, Zl >‘.., 6-l >* , 
(c) To-distorted superlinear, if for any t > to the function F(t; y. , yr ,..., 
m-r) is nondecreasing with respect to (y. , yr ,..., m-r) E E, , i.e. for any t 3 to 
we have 
(Vi = 0, l,..., n - 1) yi < xi 3 qt; Yo > Yl ,..., m-1) < w; x0 9 Zl ,‘*a, %-I); 
(4 To-distorted strongly superlinear, if there exist nonnegative numbers 
El 9 E2 ,..., %no so that ~~~I E? > 0 and for any t > to the function 
@(t; yo , Yl >.a., yn-1) = fi Y&<j qt; Yo , 3’1 
t ) 
,..a, Yn-1) 
j=l 
is nondecreasing with respect to (y. , y1 ,..., m-r) E E, , i.e. for any t > to we have 
(Vi = 0, I,..., 72 - 1) yi < xi * @(c yo , y1 ,***, yn-1) < @(C 4) , z1 ,..., %-I). 
Remark. The order in the euclidean space R” is considered in the usual sense, 
i.e. 
y < z -22 (Vi = 0, l,..., m)yj < zi 
Also the vectors (1, l,..., 1) and (0, O,...,O) of the space R” are denoted briefly by 1 
and 0 respectively, i.e. 
1 = (1, l,..., 1) and 0 = (0, 0 ,...) 0). 
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In what follows we consider only such solutions of the equation (*) which are 
defined for all large t. The oscillatory character is considered in the usual sense, 
i.e. a solution x of the differential equation (*) is called oscillatory if it has no last 
zero, otherwise it is called nonoscillatory. 
Here we study the asymptotic behavior for t + co of solutions of the differen- 
tial equation (*) and we derive (Theorems 1 and 2) necessary and sufficient 
conditions for the existence of solutions of the form 
x(t) = O(P-l) as t + co 
Moreover, in the case, where the equation (*) is T,-distorted strongly sublinear, 
we give (Theorem 3) a necessary and sufficient condition in order that: 
(a) for n even all solutions of the equation (*) to be oscillatory, 
(8) for n odd all solutions of the equation (*) to be oscillatory or tending 
monotonically to zero as t + co together with their first n - 1 derivatives. 
Our results generalize and extend previous ones due Coffman and Wong [I], 
Kusano [4], Nehari [5] and Onose [6]. 
To obtain our results we make use of the following two lemmas, which are 
adaptations of Lemmas given in [3, 71 respectively. 
LEMMA 1. Let u be an n-times da@-entiable function on the interval [a, CD) 
with u@) (k = 0, l,..., n - 1) absoZuteZy continuous on [a, co). If G)(t) is not 
identically zero for all large t and 
u(t) # 0, u(t) @j(t) < 0 for eerery t E [a, co) 
then there exists an integer 1 with 0 < 1 < n, I+ n odd, and such that 
and 
u(t) zP)(t) > 0 for every t E [a, co) (k = 0, I,..., 1) 
(- 1 )n+*-Q(t) u(“)(t) 3 0 for every t E [a, co) (k = I + 1, I + 2,..., n) 
LEMMAS. IfuisasinLemma1andforsomek=O,l,...,n-2 
f-2 zP(t) = c, CER, 
then 
F+t tP+yt) = 0, 
Finally, we assume here that for the equation (*) the following initial-value 
condition holds: 
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(iii) For any T, 3 t, and c > 0 the differential equation (*) has a solution 
x on [T, , co) which satisfy 
x(t) = 0 for every t < T,, , 
xy To) = 0 (h = 1, 2 ,...) n - 2), 
x(“-l)( T,,) = c, 
where the derivatives at the point T,, are the right hand derivatives. 
THEOREM 1. Consider the differential equation (*) subject to the conditions (i), 
(ii) and (iii). If the equation (*) is r,-distorted sublinear, then the condition 
(CT,) For some p > 0 
E T$““‘(t)j F(t; p2 . #‘-‘(t), p2 * $‘n-2)(t),..., p2 * 1) dt < m 
where 
$cn-1-i)(t) = (Tf~-l-i’(t), 7fkn-lwi)(t),..., T$+ (t)) (i = 0, l,..., n - 1) 
is a necessary and su@z-nt condition for the equation (*) to have a solution x with 
the asymptotic property 
limX(t) = a 
f-trn p-1 ’ 
a E R - (0). 
Proof. I. The condition (C,) is necessary. 
We consider a solution x of the differential equation (*) which satisfies (1). 
Since --x is also a solution of (*), without loss of generality, we can suppose 
that a > 0. From (1) it follows that there exists a T, > max{t, , 0) so that for 
every t > T, 
ff<X(t)(& 2 ' p-' . (2) 
Since lim,,, Toj(t) = co (j = 1, 2,..., m,,), there exists a tl > r, such that 
for every t > t, 
To,(t) Z To (j = 1, Z..., %>. (3) 
By (*), (2) and (3), for every t 3 tr 
.(n)(t) < 0 (4) 
and consequently the function x(*-l) is nonincreasing on the interval [tl , a~). 
Moreover, by Lemma 1, for every t 3 tI 
dyt) > 0 (5) 
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Applying the Taylor’s formula, for every t > t, we obtain . 
which implies that the functions 1 ~(*)(t)@‘+--~ (k = 0, l,..., n - 2) are 
bounded on the interval [tl , co). Hence, there exist a T > T,, and TV > 0 
such that for every t >, T 
and 
Q(t) 2 t, (j = 1, 2 ,..., mp; i = 0, l,..., n - 1) 
1 x”‘[qj(t)]l < pTp-)(t) 
(k = 0, l,..., n - 1; j = 1, 2 ,..., mi ; i = 0, l,..., 11 - 1) 
(6) 
NOW, by (*), integrating from T to t, we have 
xh-l)(T) _ ,&l) (9 = j; ]fJ s.r[?&N j Fe; r~12(d4>~ 
[x’]2(~l(S)),..., [+1’]2(Tn-1(S))) ds 
and, by (5), for t + co we obtain 
Jl 
; E xofhdS>l %; i?l”(TdS)>t [~‘]2<T1(S)>,-., [x’“-1’]2<T,-&)>) d.f < co. 
I 
(7) 
Since the equation (*) ‘s 1 T,,-distorted sublinear, by (2), (6) and (7), we have 
; j-r ]fj Tg-““‘(j F(S; p2 - 7$-‘)(S), p2 * T;(n-2)(S),..., p2 ’ 1) ds 
jd 
which implies (C,). 
II. The condition (C,) is rz@&nt. 
Let (C,) be satisfied. We shall show that there exists a solution x of the differential 
equation (*) with the asymptotic property (1). For this, we choose a Z’,, > 
max{t, , O] such that 
JI Tm /$ T&““(S)/ F(s; r-l” * T;‘“-“(S), p2 - T;(*-‘j(s),..., p2 * 1) ds < ; (8) 
40916313-4 
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Since for any u 2 T,, , i, j we have 
‘ii(U) < U (j = 1, 2 ,..., mi; i = 0, l,..., ?I - 1) 
and the continuous functions ‘ij are such that 
hi T&) =: co 
there exists a uij , depending on u, with uij 3 u and such that 
T&j) = u 
Let, now, 
and 
&(u) = max{t: t > T,, and rij(l) = u} 
S(u) = max(&(u):j = I,2 ,..., mi; i = 0, I,..., n - l} 
By condition (i), the real-valued function S is nondecreasing on the interval 
[T,, , co). Obviously, for any II > T,, there exist i(u) andj(u) such that 
Ti(u)jdS(u)) = u (9) 
and, moreover, since the functions r<j are nondecreasing, we have 
Tij(S(")) 2 Tij(sij(U)) = 24 (j = 1, 2 ,..., m,; i = I,..., n - 1) (10) 
Hence, by (9), (10) and condition (i)a , we can suppose that i(u) = 0 and con- 
sequently that 
TOjkd(s(u)) = % where 1 <j(u) < ma (11) 
Next we prove the continuity of S at the point T,, , i.e. 
liiy S(u) = S(T,) 
0 w 
Indeed, in the opposite case there exists a sequence (u,) with 
lim u, = T,, and lim S(U,) = T, # t, , where tl = fVo) 
Since u, > T,, , we also have S(u,) > S( To) and consequently Tl > t, . By (1 l), 
for any positive integer v 
wu”dw”)) = % > where 1 < j(u,) < m, (13) 
Since the set of indices {j: 1 < j < mc,} is finite, there exists an increasing 
sequence of positive integers (kV) and an r with 1 < r < m, such that for any 
positive integer Y 
Au&,) = y* 
T&l) = TONTON 2 To 
and the function ror is nondecreasing, we also have that 
To = Tor(T,) 2 TOT(~) 
and consequently 
TOT(~) = To . 
Hence, 
To$> = To for every t E [tr , Tr] 
and, by (14), we derive the contradiction 
t, = W’,) 3 S,,,( To) 3 Tl . 
Now, we define the function T by the formula 
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From (13) by passing to the limit, we obtain that 
Tclr(T1) = To . 
Since, by (lo), 
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(14) 
(1% 
T@) = 1 - ((a - &p,w))l”“l’ (16) 
and we prove that there exists a number h with X > (n - 1)!1*. and 
[; /fi T$-“. j(s)/ F(s; X,2 . [T,,(S) - T0]2(n-1), 
j=l 
A,2 . [Q) - T0]2(n-2),..., Am2 . 1) ds < 2 
where A, = h/(n - I)! and 
[+) - T,,]2’“-1-i’ 
(17) 
= {[T&) - To]2(n--l--i), [T&t) - T,,]2(n-1--i),..., [Timi - T0]2(n-1-t)} 
(i = 0, l,..., n - 1). 
Indeed, for each z1 and t with ZJ > (n - I)!/1 and t > S(T(w)) we have 
Ttj(t) 3 ~ij(S[T(w)l) 2 d’%[T@)l) 3 TW, 
that is 
Ti&) 2 T(v) (j * 1, 2 ,..., mi; i = 0, l,..., n - 1) 
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Thus, 
where v,, = ___ 
(n ” l)! 
and, as it is easy to see, by (16), 
1 
TO 1 
n-l--i 
% 1 -T(v) >cL? 
i.e. for every v and t with v > (n - l)!~ and t 3 T(v), 
p-T;l-i(t) < v,[TSj(t) - Toln-lei (j = 1, 2 ,..., m, ; i = 0, I ,..., n - 1) (18) 
Since the equation (*) is r,-distorted sublinear, by (18), we obtain 
E [T&S) - To]‘“““‘j F(s; v; * [T&S) - TJ2(‘+‘),..., v,2 * 1) ds 
E ~~-“Q(s)/ F(s; v,’ . [T&) - T,Jzcn-‘),..., v: * 1) ds 
F(s; vm2 . [T,,(S) - T12(*-‘),..., v,2 * 1) ds 
(19) 
The inequality (17) follows now as an immediate consequence of (19), (8) and 
the fact that lim,,, S[T(v)] = S(T,J = t, . 
Next, we consider a solution x of (*), which satisfies the initial-value condition 
x(t) = 0 for every t < To, 
ia+)(T,,) = 0 (k = 1, 2 )..., n - 2), (20) 
x(‘+l)(To) = 2A, 
and we prove that for every t 3 To 
x(-l)(t) > A. (21) 
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Indeed, by (*), integrating from T,, to t and using (20), we obtain 
.(n-lYt) = 2A - ;. fJ I .hw~~ Q; W<~oW, 
J 1. 
[X’]2<T,(S)>,. . . , [dy2<T,-,(s)>) ds (22) 
for every t > T,, . Since t, = S(T,), by (ll), there exists an index j(T,), 1 < 
j(T,,) < m. , with bag = To . Hence, for every t E [T, , tJ we have 
wr,)@) G To 
and consequently 
E 1 Xh(t)llP’ = 0. (23) 
Thus, (22) leads to 
x(-l)(t) = 2A - j-1 ]E 1 +d~)]~p’/ F(s; [~]2<To(+~ 
[x’]2(T&)),..., [X’“-“‘]2(Tn-l(S))) dS. 
If (21) fails, then there exists a t, > To such that 
(24) 
and 
x(+l)(t2) = h (25) 
X(-(t) > x for every t E [To , t2]. (26) 
We must have t1 < t, , since otherwise for every t with t, < t < tl (23) holds 
and consequently, by (24), 
.(n-l)(t,) = 2h 
which contradicts (25). 
From (23) and (24) it follows that 
X--l)(t) < 2h for every t E [T,, , t,] 
and therefore, by (25) and (26), we have 
x < d-(t) < 2x for every t E [To , t,]. 
Integrating this inequality (n - 1 - i)-times from T,, to t, T,, < t < t, , we 
obtain 
(?l -A1 - i)! 
(t - T,,)“-l-i < d*)(t) < (n _ 1”- ;>! (t - To)n-l-i 
(i = 0, l,..., 11 - 1). (27) 
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Since f, = S(T,), by (1 l), there exists an index j( T,), 1 ,< j(T,) 52 m, , with 
rOj(r,)(t,) = 7’, and consequentlv 
To < ~~~(~,)(t) < t2 for every t t [tr , ts]. 
Also from t, = S(Y,J it follows that for every t > t, 
Tij(t) z To 
and hence, by condition (;)a , To < Gus. So, for every t E [tr , t2] we have 
Tc, < Tij(t> < f, (j = 1, 2 (.‘.) m,; a = 0, l,...) n - 1). 
Thus, from (27) we obtain that for every t e [tl , t,] 
(j = 1, 2 )...) m, ; i = 0, I,“‘, 11 - 1) (29) 
By virtue of (24) and (29) using the sublinearity of (*) and taking into account 
(17), we obtain 
[TV - To]2(*-1),..., AZ . I) ds 
I 
. F(s; An2 . [am - T0]2(n-1),..., A,” . 1) ds 
I 
1 
I 
>3” 
4(?t - l)! ’ 2 
for every t E [tl , t,], which contradicts (25). 
Now, by (21), it follows that 
,&-l)(t) > 0 for every t 3 To 
and consequently a?(t) (K = 0, l,..., It - 2) are of constant sign for all large t. 
From the equation (*) it follows that 
x(t) Xyt) < 0 for all large f 
and, by Lemma 1, we derive that 
X-)(t) x(n)(t) < 0 for all large t 
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Hence for all large t we have 
x(t) > 0 and x(n)(t) < 0 
So, the function x(+l) is nonincreasing and hence 
k% x(-l)(t) = b, b>X>O. 
Moreover 
hi x(k)(t) = co (k = 0, l,..., 71 - 2) 
since, otherwise, if for some K = 0, I,..., n - 2 
‘,1ir x(“(t) = c 
then, by Lemma 2, 
\% x(i)(t) = 0 (i = h + 1, 12 + 2,..., n - 1) 
which contradicts (30). 
Finally, 
(30) 
lim x(t) - ’ 
t-a P-1 
lim x+l)(t) = (n ” l)! 
(n - l)! t-+m 
which proves (1) for a = b/(n - l)!. 
THEOREM 2. Consider the differential equation (*) subject to the conditions (i), 
(ii) and (iii). If the equation (*) is To-distorted superlinear, then (C,) is a necessary 
and sz@cient condition for the equation (*) to have a solution x with the asymptotic 
ProPmtY (1). 
Proof. I. The condition (C,) is necessary. 
We consider a solution x of the differential equation (*), which satisfies (1). As 
in the proof of Theorem 1, without loss of generality, we suppose that a > 0 
and we choose a T,, > max(t, , 0) so that for t > T, (2) is valid. Moreover, we 
derive again (3), (4) and (5) for every t >, t, , t, > T, . 
We remark that, by (4) and Lemma 1, all derivatives 
x’“‘(t) (h = 0, I,..., n - 1) 
are of constant sign for all large t. So, since a > 0, by virtue of Lemma 1 and 2, 
we have 
p: x(k)(t) = co (k = 0, l,..., n - 2) 
and consequently 
a = lim x(t) _ lim x(n-“(t) 
t+m p-1 t+m (n - l)! 
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i.e. 
lim ~(~-l)(t) = (n - I)! a. 
.?+m 
Now, by taking t, 2 tl so that 
x’“‘(t,) > 0 (K = 0, l,..., n - 1) 
and applying Taylor’s formula, by (4), we obtain 
(31) 
x(i)(t) = x’i’(t,) + x(i+;;(t21 (t _ t2) 
+ -** + (n - 1 - i)! 
x’“‘Ytz> (t _ Q&-l-i (i = 0, l)..., ?z - 1). 132) 
Hence, because of (i)s , there exists a t, > t, so that for every t 2 ta 
x(&(t)] > a7klei(t) (j = 1, 2 ,..., mf ; i = 0, l,..., n - 1). (33) 
By (*), integrating from t, to t, we get 
E’1”<d~DP*-, Ix (-1 2<~,-l(s))) ds 
and hence, by (31), we have 
1 I 
t; z .“‘h(4lj % w<?&D~ 
[x’]“<T~(s)>,..., [xX’“~‘J~<T,+~(S))) ds < 0~). (34) 
Finally, using superlinearity of the equation (*) and taking into account (33) 
and (34), we conclude that 
a l; ]fj T,$-~‘“(s)! F(s; a2 - T$+~)(s), a2 l T;“+~‘(s),..., a l 1) ds 
[x’]~<T~(s)>,..., [x(~-~)]~<T,-,(s))) ds < 03 
which implies (C,) for p = a. 
II. i?ke condition (C,) is s@cient. 
Let (C,) be satisfied. We shall show that there exists a solution x of the differential 
equation (*) with the asymptotic property (1). For this, we choose a T, > 
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max{t, , 0} so that for every t > Z’,, (8) . is valid. Moreover, we consider the function 
S defined as in the proof of Theorem 1 and we prove (11). 
Let now x be a solution of the equation (*), which satisfies the initial-value 
condition 
x(t) = 0 for every t < T,, , 
@)(T,) = 0 (k = 1, 2 )..., n - 2), (35) 
x@-~)(T~) = p. 
For this solution we prove that for every t 3 T,, 
&-l)(t) > 5 
Indeed, if (36) fails, then t, is considered to satisfy 
(36) 
and 
.(W(t,) = 5 (37) 
&-l)(t) > 5 for every t E [To , t,]. (38) 
Thus, following the same arguments as in the proof of Theorem 1, we derive first 
[x’]~<T&)>,..., [xc”-1)]2<~,-,(s))) ds (39) 
and then that for every t E [tl , tz] (28) and 
hold. 
0 < @[T&)] < (B _ ‘; _ ;)! [T&) - To]n-1--i 
(j = 1, 2,..., rnf ; i = 0, l,..., n - 1) 
(40) 
Next, by (8) and (28), we obtain 
[T&s) - To](n-l)Pf F(s; pL2 * [q,(s) - T,,]2(n-1),..., p2 . 1) ds 
I 
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i.e. 
F(s; $ . [To - T,,]2’71-1),..., p2 * 1) ds < $. (41) 
By virtue of (39) and (40), using superlinearity of (*) and taking into account (41), 
we obtain 
@-l)(t) 3 CL 5 [ ,( ) _ @+lh 7os j=l 
. F (s; (&)2 . [TV - T0]2(n-1),..., p2 . 1) d] 
- F(S; ,.2 . [TV - T0]2(n-1),..., p2 . 1) ds] 
> 
[ 
1 
--,P 1-4(n-l)! I 3P 22 
for every t E [tl , tz], which contradicts (37). 
It remains to derive (l), the proof of which is the same with that in Theorem 1. 
THEOREM 3. Consider the difmential equation (*) subject to the conditions (i), 
(ii) and (iii). If the equation (*) s i To-distorted strongly sublinear, then the condition 
(C,) For every p # 0, 
is a necessary and su$icient condition in order that for n even all solutions of (*) 
to be oscillatory, while for n odd all solutions of (*) to be either oscillatory or tending 
monotonically to zero as t ---f co together with their$rst n - 1 derivatives. 
Proof. Since To-distorted strongly sublinearity of the equation (*) implies 
the T,-distorted sublinearity of (*), the necessity is contained in Theorem 1. 
The sufficiency is proved in [2, Theorem 51. 
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